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On the Properties of the Weibull-Burr 111 Distribution and
its Application to Uncensored and
Censored Survival Data

Aliyu Yakubu* and Sani I. Doguwa’

Twelve different families of cumulative distributions that are used to
model real life data were introduced by Burr (1942). Burr Il
distribution is among these families of cumulative distributions. In this
work, a four-parameter distribution is introduced to model real life
scenarios called Weibull-Burr 111 distribution. The limiting behavior of
the proposed distribution, hazard function, moments, skewness, kurtosis
and quantile function is investigated; order statistics and entropy are
also derived. The method of Maximum Likelihood Estimation technique
was used in estimating the parameters of the proposed distribution. To
prove the flexibility and performance of the distribution and Weibull-G
family of distributions, censored and uncensored data sets are applied.
The results suggest that the new compound distribution fit the real data
and perform much better than its competitors for both censored and
uncensored data.
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1.0 Introduction

Lifetime data can be modelled using several existing distributions.
However, some of these lifetime data do not follow these existing
distributions or are inappropriately described by them. Hence, the
need to develop distributions that could better describes some of these
phenomena and provide greater flexibility in the modelling of lifetime
data than the baseline distributions. Therefore, many distributions have
been developed and studied by many researchers. These include: An
extended Lomax distribution by Lemonte and Cordeiro (2011), Beta-
Burr X by Merovci et al. (2016), Beta-Normal by Eugene et al. (2002),
Beta-Nakagami by Olanrewaju and Kazeem (2013), Kumaraswamy-
Burr 11l by Behairy et al. (2016), Kumaraswamy-Paretor by
Bourguignon et al. (2013), new Weibull-Paretor by Nasiru and
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Luguterah (2015), Transmuted Lomax Distribution by Ashour and
Eltehiwy (2013), Transmuted new generalized Weibull by Khan et al.
(2016), Weibull-exponential by Oguntunde et al. (2015), Weibull-
Paretor by Alzaatreh et al. (2013), Weibull-Rayleigh by Merovci and
Elbatal (2015), and many more.

In the last few years, different classes of the Weibull Generalized family
of distributions have been proposed and studied by several researchers.
These include: Alzaatreh et al. (2013), Bourguignon et al. (2014) and
Nasiru and Luguterah (2015). The objective of this paper is to introduce
a new compound distribution called the Weibull-Burr 111 distribution,
study some statistical properties of the new distribution
comprehensively, use MLE method to estimate the parameters of the
proposed distribution and finally to use censored and uncensored
survival data sets in fitting the new distribution and some of the existing
Weibull-G family of distributions so as to compare the performances of
the Weibull-G family of distributions.

2.0 Literature Review
2.1  Empirical literature

Alzaatreh et al. (2013) proposed a distribution called Weibull-Paretor, as
a special case of the Weibull-G family. Statistical and mathematical
properties of this distribution studied include; moments, moment
generating function, hazard function and Shannon entropy. It was shown
that the distribution is unimodal and the shape of the distribution can
either be positively or negatively skewed. Modified Maximum
Likelihood Estimation was used for the estimation of the parameters of
the distribution.

Bourguignon et al. (2013) extended the two-parameter Paretor
distribution by introducing two shape parameters. This is done by taking
the baseline cumulative distribution of the generalized family of
Kumaraswamy distribution to be the cumulative distribution of Paretor
distribution. Detailed mathematical properties of the distribution were
provided and method of Maximum Likelihood was applied in estimating
the parameters of the distribution. It was further shown that the
Kumaraswamy-Paretor distribution is superior to its sub-models when
real data set is used in fitting these distributions.
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Olanrewaju and Kazeem (2013) developed the Beta-Nakagami
distribution using the link function of the Beta generalized distribution.
Statistical properties of the Beta-Nakagami distribution such as the
asymptotic behavior, moments, moment generating function among
others were investigated. The parameters of this distribution were
estimated using the Maximum Likelihood Method. Real data was used to
fit the Beta-Nakagami distribution and Nakagami distribution. It was
found that Beta-Nakagami distribution apart from being more flexible
has better representation of data than Nakagami distribution.

A three-parameter distribution referred to as Weibull-Rayleigh
distribution was studied by Merovci and Elbatal (2015).  This
distribution was proposed using the logit of Weibull-G proposed by
Bourguignon et al. (2014). Like other researchers, different
mathematical and statistical properties of the distribution were provided.
The parameters of the distribution were estimated using both the least
square estimation method and MLE. Comparison of the distribution with
other distributions such as Beta-Weibull, Exponentiated-Weibull and
Weibull distributions reveal that the Weibull-Rayleigh distribution is a
strong competitor for fitting real life data.

Another three-parameter distribution called Weibull-exponential was
proposed by Oguntunde et al. (2015) using the link function of the
Weibull generalized family. Explicit expressions for some basic
mathematical properties like moments, moment generating function,
reliability, limiting behavior and order statistics of the distribution were
derived. Like most researchers, MLE was used in estimating the
parameters of the distribution. It was shown that Weibull-exponential is
more useful as a life testing model than the exponential distribution.

Nasiru and Luguterah (2015) proposed a new distribution called new
Weibull-Paretor distribution. The distribution was called new Weibull-
Paretor because Alzaatreh et al. (2013) had already defined Weibull-
Paretor distribution using the generator proposed by Alzaatreh et al.
(2013). Nasiru and Luguterah (2015) studied various properties of the
new Weibull-Paretor distribution and used MLE to estimate the
parameters of the distribution. Application of real data set to the new
Weibull-Paretor distribution revealed that the distribution provides a
better fit in modelling real life data.

Behairy et al. (2016) extended the Burr Il distribution using the logit of
Kumaraswamy-G family. Explicit expressions for the moments, density
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functions of the order statistics, Rényi entropy, quantiles and moment
generating function were provided. MLE method was applied under
Type Il censored sample to estimate the parameters of the model and
Monte Carlo simulation was performed to investigate the precision of the
estimates.

Beta-Burr X distribution was developed and studied by Merovci et al.
(2016). Comprhensive mathematical properties of this distribution were
provided. Also, asymptotic confidence intervals for the parameters of the
Beta-Burr X distribution were derived from the Fisher Information
Matrix. Furthermore, simulation study was conducted to assess the
performance of the model. Model fit of the distribution indicates that
Beta-Burr X serves as a good alternative model for modelling positive
real data in many areas.

2.2  Theoretical Framework (Weibull-G family of Distributions)

Let X be a random variable from the Weibull distribution with
parameters o and B, then the cumulative distribution function (cdf) and
probability density function (pdf) of the Weibull generalized family of
distribution (Weibull-G) due to Alzaatreh et al. is given by:

F (X) _ J-flog(lfe(x)) aﬂxﬂ—le—ax” dx 1)

0

f(x)= aﬁ%[—ﬁ log ((_S(X))T_1 exp(—(—ﬁ log (E(x)))a) (2)

forx >0, a,f >0

where G(x)=1-G(x); and g(x)andG(x) are the pdf and cdf of any
baseline distribution and in our case the Burr type I11 distribution.

Another generator of the Weibull generalized family of distributions is
the one proposed by Bourguignon et al. (2014). The cdf and pdf of the
Weibull generalized family of distribution due to Bourguignon et al.
(2014) are defined by:

G(x

F(x)= IG(X) afpx’? exp(—axﬂ)dx ()

0

Z
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X)=a, xmex _O{MT
f(x)=aBg( )@(X))M r{ 0 } @)

where x > 0, >0, >0

A vyear after this generator was proposed, another form of Weibull
generalized family of distribution was proposed by Nasiru and
Luguterah (2015). The cdf and pdf due to Nasiru and Luguterah (2015)
are given by:

1

F(x)= jol—GW " exp(—ax” ) dx (5)

F(x) G0 p[ {G(X)” (6)

where x > 0,a > 0,8 >0

In this paper, we intend to develop a four-parameter model called
Weibull-Burr 111 distribution using the Weibull generator proposed by
Bourguignon et al. (2014). This generator has been used by other
researchers to develop compound distributions such as: Weibull-
Rayleigh distribution by Merovci and Elbatal (2015), Weibull-
exponential distribution by Oguntunde et al. (2015) and so on.

3.0  Methodology
3.1  The Proposed Distribution

Our baseline distribution, the Burr 1l distribution with parameters
(4, y) has its cdf and pdf given by:

G(x 4, 7)=(1+x" )_y (7
and
9 (x A 7)=Apx P (Lex ) (8)

respectively. Also, A > 0 and y > 0 are shape parameters.

Using the generator proposed by Bourguignon et al. (2014) the cdf of the
proposed Weibull-Burr 111 distribution is given by:



96 On the Properties of the Weibull-Burr 111 Distribution and its
Application to Uncensored and Censored Survival Data
Yakubu and Doguwa

F(ma¢1140=1—a@{—aﬂl+x%y—i}ﬁ} ©)

and its corresponding pdf is given by:

1+x7* )7(%1)

f(xa B4 y)=apryx * (

(1—(1+ x*)’ )M

where x>0, >0, >0, A>0and y>0. In this distribution, fis the
scale parameter while «, A and y are the shape parameters.

oxpl ol (1 4] T} A0

3.2 Investigation of the Proposed Distribution for a Proper PDF

A pdf is said to be proper if

[2 fodx = 1.

To show that the proposed distribution is a proper pdf, we proceed as
follows:

(1 4y )*(7ﬂ+1)

@—@+xﬁﬂyﬂ

O ey 8

f(x)dx= j afAyx Y
0

exp {—a [(1+ X )y —1]_/3 } dx

1

LV (u+1) 7" N
Ietu=(1+x ) -1 :>dx:—/1— (u +1)7 -1| du
4

Then _[f(x)dx becomes

0
I f(x)dx= aﬁju‘ﬁ‘l exp(—au?)du
0 0

Following the same procedure by letting m=au™ , the integral
becomes:
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Figure la: Graph of the Three Distributions Weibull, Burr I11 and
Weibull-Burr Il (a, A and y = shape and p= scale parameters)
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Figure 1b: Graph of the Three Distributions Weibull, Burr 111 and
Weibull-Burr 111 (o, A and y = shape and = scale parameters)
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Probability Density Functions

Figure 1c: Graph of the Three Distributions Weibull, Burr I11 and
Weibull-Burr 111 (o, A and y = shape and = scale parameters)
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Figure 1d: Graph of the Three Distributions Weibull, Burr 11l and
Weibull-Burr 111 (a, A and y = shape and p= scale parameters)

Hence, the Weibull-Burr 111 distribution is a proper pdf. The graph of the
pdf of Weibull-Burr 111, Weibull and Burr Il with different parameter
values are given in Fig 1la — 1d. The proposed distribution appears to be
much more flexible than the two parent distributions as can be glanced
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by varying the shape parameter values.

3.3

We now investigate the asymptotic behavior of the Weibull-Burr Il

Asymptotic Behavior

distribution as x tends to zero and as x tends to infinity.
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_a\ B+ _
IX'_T, afiyx (l+ X ) — eXp{—a [(1+ X )y —l} ﬁ} =0
(1—(1+ x") 7)

)—(7ﬂ+l ~0

) lim (1+ x* )_(7ﬂ+1)

x—0

since lim x **Y (1+ X
x—0

Applying the same technique, it can easily be shown that lim f (x) =0.1t

X—00

has been shown in the literature that, if Iirrg f(x)=0, and lim f (x)=0,

X—00

then f (x) has at least one mode (see Olanrewaju and Kazeem (2013) for
more details). Hence, the Weibull-Burr 111 distribution has a mode.

34 Hazard Function

The hazard function which has an important application in survival
(reliability) analysis is defined by:

h(x) =) (11)

_a\~(8+) _
afryx M exp {—a [(1+ XY —1} ﬁ}
1-(1+x7" )

exp {—a [(l+ X7 )7 —1]_ﬂ}

Hence, the hazard function for Weibull-Burr 111 is given by:

h(x)=

(12)

The hazard function is the probability of failure in an infinitesimally
small time period between x and x-+&x given that the subject has
survived up to time x . The graph of the hazard function of Weibull-Burr
I11 is shown in Fig 2a and 2b.
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parameters)

3.5 Moments, Skewness and Kurtosis

Moments can be used in studying some important properties such as
dispersion, skewness and kurtosis of a distribution. Let Xbe a random
variable from the Weibull-Burr 111 distribution, then the r' moment of X
is defined by:

(Lex)

(1-(2x7)” )'M

E(X")= ]' X" afiyx exp {—a [(l+ XY —1]ﬁ } dx (13)
, TP
Using Power Series expansion, exp {—a [(l+ x‘ﬂ) —1} }can be written

in the form:

exp {—a [(l+ X )y —1}_ﬂ} = i%a" [(l+ X )y —1}% (14)
whereI'(.)is the gamma function.

Substituting (14) in (13) gives:

jH)+H

& (15)

: t e (s Ly T
£ () - sy I;F((jjl)al(mi) (L) ]
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Since the limiting values of (1+ x‘ﬁ)_y is between zero and one, as x

tends to zero and infinity respectively, then using Binomial Series
expansion equation (15) becomes:

() gy 3 TP<2)

X (Lex AP G (16)
ST (J+)r(k+)r(B(j+1)- k+2£ )
% o Tk (B(i+)4)
taking Ix (l+x ) dx,
0
1 A
let 2= yk+| 3 j+11 m:(1+X_ ) , then
m—%—l N
dx = (m z —1) dm
A
Hence,
1 1 1 1 E_L_l
“ —k—(B( T +1)+ ,,,fo 1\2 22
Ixr—i—l(1+x—ﬂ) 7k=(B(i+1)+1) dx = :; mZ oz [1_mzj dm a7
z
0

1
Letting u =m?, the integral in (17) becomes:

lg(ryt t,, 1 r 1, (18)
A Az A A Az

where B(., .) is the beta function.

Substituting (18) in (16), we obtain the r™ moment of Weibull-Burr 111
distribution as:

(-1 T (B(j+1)+2
E(X")= 9> Y (ﬂ(J.Jr )+2) B(r+l—1+2—1,1—r—1+lj
ST+ (k+)T(B(j+1)-k+2) \ 2 z 2 A Aoz
The p™ central moment can easily be obtained from moment about the
origin:

p

Hp = Z(_l)l "G (:ull)l Hpr

. (19)

while the p™ cumulant of X is given by:
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p-1
K, = M, '—Z PIC, K My (20)

1=0

From equation (20),
K, =H, '_(;Ul .)2
Ky =y =31, 1y '+ 2(/"1 ')3

Ky = gty = a1+ 12201 =3(1") —6(s4")’

With these, the coefficients of skewness and kurtosis can easily be
obtained as:

Coefficient of skewness = L% (21)
(%)
Coefficient of kurtosis= K—“Z (22)
K

3.6  Quantile Function

The quantile distribution is used in the generation of random realizations
from a given distribution. The quantile function of Weibull-Burr 1lI
distribution is given by:

Q(u)= 1+(£n(1—u)_ij_ﬂ -1 (23)

whereu is a random number generated from uniform distribution with
parameters 0 and 1

The median of Weibull-Burr 1Il distribution can be obtained by
substituting u = % in equation (23) which gives:
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A

1)

. 1 B

Median = 1+(—€n2} -1 (24)
o

3.7 Order Statistics

Let X,X,,..,X, be independent random sample from a cumulative
distribution function, F(X), with an associated probability density
function, f(x). Then, the probability density function of the i order

statistics, X ;) , is defined by:

100 gy (F ) T1-F ]

(25)
Recall that the Binomial Series expansion of (1—x)" is given by:
v ()
1-x)' =) L X
(1=x) ; (n—k)k!
Using this expansion, equation (25) can be written as

o (-1)n!

fin (X):Z(i—l)!(n—i—.k)!k! f (X)[F(X)]HH

k=0

(26)

and

[F (x)]k”_1 = i+ijl(—l)p %exp {—a p [(l+ x* ), —1}_ﬁ} (27)

p=0

Substituting (10) and (27) in (26) yields the i™ order statistics for the
Weibull-Burr 111 distribution given by:

(=5 419 (28)
where &, = (_1)p+k n!(i+k-1)! ;

(i-1)(n—i—k)(i+k—p-1)!plk!(p+1)



104 On the Properties of the Weibull-Burr I11 Distribution and its
Application to Uncensored and Censored Survival Data
Yakubu and Doguwa

f, (x)is the pdf of Weibull-Burr 11l with parameters (a(p+1), 5, 4,7).

Using equation (28), several mathematical properties of Weibull-Burr 111
order statistics such as moments, ordinary moments, moment generating
function, factorial moments and so on can be determined. For instance,

the S™ moment of X, can easily be obtain from the expression in (19)
which is the moment of Weibull-Burr 11l with new parameters

(a(p+1).8.4.7).
3.8  Rényi Entropy

Numerous entropies such as Rényi entropy, Shannon entropy, etc. have
been developed and used in various disciplines and contexts. The

entropy of a random variable, X, denoted by IR(r) is defined as a

measure of the uncertainty about the outcome of a random experiment.
Let X be a random variable with pdf, f(x), then the Rényi entropy is
defined by:

IR(r):l_ianU (f(x) dx}

for r>0and r #1

" " r(75+1) ~
J(f (X))r I(aﬂi )r —r(4+1) (1+X ) e exp{—ar[(ﬁuxi)? _]} ﬂ}dx (29)
0 0 (1—(1+ X )7)

. . . 2\ p
Using Power Series expansion, exp —ar[(1+x ) —1} can be
written in the form:

-Bi

i - T“ [(1+x-‘)7—1} (30)

j=0

and substituting (30) in (29) yields:

—(Br+pj+r)
) dx

(aﬂzy)'i(_l)jjlrjaj? ) (14 x ) j+r)(1—(1+x-ﬂ)‘7
- 0

j=0

following the same procedure as in section 2.5, we obtain:
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(f (X))r dX:(aﬂA;/)r i (—1)J'+k (Br+Bj+r)iria’

0 A(Br+pj+r—k)k!j!

B(Az—rA—-r+Lri+r—1) (31)

ot—38

Hence, based on the definition of Rényi entropy, we have:

1 F (D (prepisnia
|R(r)_§€n (aBry) j;o A(Br+pBj+r—k)k!j!

B(Az—rA-r+Lri+r—2)

3.9 Maximum Likelihood Estimates of the Parameters of
Weibull-Burr 111 Distribution

Let x;, x5, -, x,, denote a random sample drawn from the Weibull-Burr
Il distribution with parameters «, 5,1 and y defined in equation (10).
The likelihood function, L(x; a, 8, 4,v) is defined to be the joint density
function of the random variables,x,, x,, -+, x,,. That is,

L(xaf 2 p) =] ] f(%:c8,2.7)
i-1 (32)

Any statistic value that maximizes the likelihood function,
L(xq,%5,+,Xn; a, B,4,7), is referred to as the maximum likelihood
estimator. The likelihood and log likelihood of the Weibull-Burr I11
distribution are given by:

(l+ Xfl )*(7/“1)

L(xeaB,4,7)= ﬁaﬂﬂyx[(’“*l) 77 EXP {—a [(1+ X )y —1}_/3}
i=1 (1_ 1+ X;A ’V) (33)

and
n . s
((Xa B A y)= nIoga+nIogﬂ+nlogﬂ,+nlogy—a2[(l+ xi’l)/ —1} -
i=1

(2 +1)i2;:|og(xi) —(;/ﬂ+1)izzl:Iog (1+ x;‘)_(ﬁ+1)§:[l—(l+ X )—y}

respectively. To obtain the Maximum Likelihood Estimators of the
parameters of Weibull-Burr 111 distribution, we differentiate (34)
partially with respect to the parameters and equate to zero. This gives:

o (X, 2,7) L3 exty ‘qﬁ

oa a ‘o

(34)

(35)
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o(xaply) n

o5 :E+g[(l+xi‘i)y—1}

’ log g[(lJr ") —1}—

) ] (36)
yZIog(lJr xi*)—Z[l—(lJr xil)_y}
ol (x;a.,pB, 4, n % *log (X
( Oalﬂ }/) 2%—aﬂ7izl: R (—/1) , A1 (37)
(1+xi ) [(1+xi )—1}
ol (X a,B, A7) =E+Olﬂzn: (1+x7) log(1+%7) o)
oy % =) [(1+Xil)y _1},&1
Solving for a, 8, A and y, we have:
n
a=— = (39)
;[(nxﬂ) —1}
. : (40)
in:l:log (1+ xi")—iz:‘[(1+ ') —l}_/} IogiZ:‘[(H %) _1]+iz:‘[l_(l+ X )77}
A= n XZ log(x;) 4
OCﬂJ/Z( )1_i [( A ) :|ﬂ+l
(1ex ) T (1Y -
__ n 42
! aﬂzn:(leri‘”“)y Iog(1+ﬁxij) )

Solving equations (39), (40), (41) and (42) algebraically may be
intractable. To avoid this problem, one can obtain the MLEs of
&, 3,1 and 7 numerically by applying any of the following methods:
Newton—Raphson, Broyden—Fletcher—Goldfarb—Shanno (BFGS),
Limited Memory quasi-Newton code for Bound-constrained
optimization (L-BFGS-B), Berndt-Hall-Hall-Hausman (BHHH) and
Simulated-Annealing (SANN). The Newton-Raphson algorithm uses
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numerical or analytical gradients and Hessians while BFGS, L-BFGS-B
and BHHH algorithms use only numerical or analytical gradients. On the
other hand, SANN algorithms use neither gradients nor Hessians but it
only uses function values. The Information Matrix of the parameters of
the Weibull-Burr 111 distribution can be derived by differentiating
equations (35), (36), (37) and (38) in a situation where we need to obtain
interval estimates and test on model parameters.

3.10 Data Analysis Procedures

We shall use both the kernel based density estimation technique and the
classical Kolmogrov-Smirnov two-sample test procedure to further
elucidate on the efficacy of the Weibull-Burr 111 distribution during the
data analysis of real life data. We shall discuss briefly the two techniques
here.

3.10.1 The Kernel-based Density Estimation

An estimator of the probability density function f(x) using the kernel
approach is given by:

1 & (X=X
f(X)=n—§;k[ ; ) x>0 (43)

where k() is the kernel, & is the smoothing parameter and n is the
sample size of the real life data. A suitable kernel function,k(.)is the
Epanechnikov (1969) kernel. This kernel is defined by:

0.75(1-0.2r%)
k(r)= N3

0 elsewhere

if |r| <5 (44)

and the parameter, &, determines the smoothness of the estimator.
Increasing & increases the bias but smoothes the estimates. In the spirit
of Fiksel (1988), we have used computational and simulation studies to
suggest taking the value of & as:
55
f="2
N

where A is the mean of the real life data, as appropriate.

(45)

The kernel in equation (44) is symmetric as well as a probability density.
This means that the estimator f(x) given in equation (43) will be a
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probability density function. The estimated Weibull-Burr I11, Weibull
and Burr 111 probability density functions will be compared graphically
withf (x).

3.10.2 Kolmogrov-Simirnov Two-Sample Test

Consider the universe consisting of two populations which are called X
and Y populations, with cumulative density functions denoted by Fyand
Fy, respectively. We have a random sample of size m from the X
population and another random sample of size n drawn independently
from population Y, i.e

Xy Xy, Xoand Y, Y, - Y,
Usually, the hypothesis of interest is that the two samples are drawn
from identical populations:

The order statistic corresponding to the two random samples from
continuous populations,Fy and Fy, are respectively:

Ky Kigyr =10 Ky N Y, Y -0 Y

Their respective empirical distribution functions denoted by S, (x)and

S, (x)are defined as:

0 if x<Xg

S, (X)= % if X, <x<X,, k=12,...,m-1
1 if x=X,

and
0 if x <Y,

S, (x)= % if Y, <x<Y,., k=12, ...,n-1
1 if x=Y,

In a combined ordered arrangement of the N =n+m sample
observations, S, (x)and S,(x)are the respective proportions of X and

Y observations which do not exceed the specified value, x . If the null
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hypothesis is true, the population distributions are identical. The two-
sided Kolmogrov-Smirnov two-sample test criterion, D_ , is based on

the maximum absolute difference between the two empirical
distributions,

D,.., = Sup|S,, (x)—S, ()

and the rejection region is the upper tail, defined by:
D,,=C,

where
P(D,,>C,/H,)=a

m,n —

For m and n large, right-tail critical values based on the asymptotic
distribution can be calculated as:

a 0.05 0.01

0.2 0.1
C
“ 107 /N/nm 1.22 /N/nm 1.36\/1\’/71m 1.63\]1\’/,1m

4.0 Data Analysis

Here, an application of Weibull-Burr 11l distribution is provided by
comparing the results of the fits of this model with that of other weibull-
G family of distributions. Two data sets will be used in order to make the
comparison.

The first data set is the uncensored survival data that was previously
analyzed by Lee and Wang (2003), Lemonte and Cordeiro (2011) and
Luz et al. (2012). This data set will be used to compare between fits of
the Weibull-Burr 111 distribution with that of Weibull, Burr 111, Weibull-
Exponential, Weibull-Paretor, New Weibull-Paretor and Wiebull-
Rayleigh distributions.The data presented in Table 1 (see Appendix),
contains the remission times (in months) of a random sample of 128
bladder cancer patients.
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Table 3: Maximum Likelihood Estimates (MLE), Log-likelihood, AIC,
BIC and CAIC for uncensored data fitted to Weibull-G family
distributions

Model MILE - Log-likelihood AIC BIC CAIC
Parameters Estimates
Weibull a 0.09225 -414.1 832.2 837.9 832.3
B 1.05303
Burr 1l A 1.03396 -426.7 857.4 8574 857.5
\ 4.21689
Weibull-Burr i a 1.38023 -339.7 687.5 698.9 687.8
B 6.67205
A 0.13683
Y 1.30411
Weibull- a 4.66306 -419.3 844.7 853.2 844.8
Exponential
B 0.86469
A 0.01496
Weibull- ol 0.0038 -411.8 829.6  838.2 829.8
Paretor B 0.1287
A 7.7391
New Weibull- a 0.2288 -414.1 834.2 842.7 834.4
Paretor
B 1.0479
A 2.3398
Weibull- a 0.9113 -505.8 1017.6 1026.2 1017.8
Rayleigh B 0.4963
A 0.0013

The method of maximum likelihood is used to fit the proposed Weibull-
Burr 111 distribution, Weibull distribution, Burr 111 distribution, Weibull-
Exponential distribution, Weibull-Paretor distribution, New Weibull-
Paretor distribution and Weibull-Rayleigh distribution to these data.
Criteria such as Akaike Information Criterion (AIC), Bayesian
Information Criterion (BIC) and Consistent Akaike Information
Criterion (CAIC) are used to compare the distribution models.

The distribution model with the smallest AIC, BIC and CAIC values is
considered to be the best distribution.

Table 3 shows MLEs of the parameters for each of the fitted
distributions and the statistics: AIC, BIC and CAIC. The results from the
Weibull-G family of distributions showed that, the proposed Weibull-
Burr 111 distribution has the least AIC, BIC and CAIC values. Hence,
this is an indication that Weibull-Burr 111 distribution is a very strong
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competitor to other distributions used here for fitting the data set. We
have also estimated the unknown probability density function, f (X)of
the lifetime data using the kernel density approach. The plots of the
f (x) for the lifetime data and the estimated density functions of the
same data set using the Weibull-Burr [l distribution, Weibull
distribution and Burr 1l distribution are presented in Figure 3. The
estimated density function from the proposed distribution closely mimics
the estimated kernel based density function than the other two
distributions. Also, having estimated the Weibull-Burr Il parameters
from the uncensored data, we employ the quantile function to generate a
sample of size 128 observations. This sample is presented in Table 2.

We now test the null hypothesis that the uncensored remission time data
and the sample drawn from the fitted Weibull-Burr Il distribution are
indeed from the same distribution. The computed Kolmogrov-Smirnov

statistic based on the two empirical distribution functions, S, (x) and

S, (X) (shown in Figure 4) is
D128,128 = Sl:p‘sm (X) -5, (X)‘

=0.1094.

We only reject the null hypothesis that the uncensored remission data
and the sample data drawn from the proposed distribution are from the

> =
same distribution if Dizg 126 2 Co with P(D128v128—ca) 0.01

Dize 126 =0.1094 is less than the critical value of C,=0.2038 at the 1%

level of significance, this suggests that we have no reason but fail to
reject the hypothesis that the two dataset are from the same distribution.

. Since

The second data set is the survival times (in months) of a random sample
of 101 patients with advanced acute myelogenous leukemia that received
either an autologous bone marrow transplant or an allogeneic bone
marrow transplant. The data is given in Table 4 (see Appendix).
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Also in this case, the method of maximum likelihood is used to compare
between the fits of the proposed Weibull-Burr 111 distribution with some
of the Weibull-G family distributions. Table 5 shows the MLEs of the
parameters for each of the fitted distributions together with the AIC and
BIC statistics. This result revealed that the proposed Weibull-Burr 111
distribution is a very strong competitor compared to other distributions
since it is having the least AIC and BIC values.

Table 5: Maximum Likelihood Estimates (MLE), Log-likelihood, AIC
and BIC for censored data fitted to Weibull-G family distributions

Model MLE Log- AlC BIC
Parameters Estimates likelihood

Weibull-Burr o 1.4267 -219.7 447.6 458
i B 0.5705

A 0.4878

Y 7.9638
Weibull o 25.5475 -880.4 1766.9 1774.7
Exe;)lozential B 6.8616

A 0.0096
Weibull- o 3.1477 -223 452 459.8
Paretor B 0.1184

A 0.0155
New Weibull o 0.5112 -222.4 450.9 458.7
Newwelul o gre

A 16.0222
Weibull o 3.3369 -599.8 1205.7 1213.5
Rayleigh B 0.0022

A 2.2212




CBN Journal of Applied Statistics Vol. 8 No. 2 (December, 2017) 113

5.0 Conclusions

In this paper, we proposed a new distribution which generalizes the Burr
[11 distribution. The distribution is named Weibull-Burr I11 distribution.
The pdf, cdf, limit of pdf and hazard function were derived.
Additionally, some of the mathematical and statistical properties like
moments, skewness, Kkurtosis, order statistics and entropy were also
derived. The model parameters were estimated by using the maximum
likelihood estimation procedure. Finally, we fit the proposed model to
censored and uncensored data and compared it with estimates from other
Weibull-G family distributions. The new distribution was found to
provide a better fit than its competitors. The classical Kolmogrov-
Simirnov two-sample test statistic, also confirmed that the remission data
could have been drawn from the new proposed distribution.
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Appendix

Table 1: Remission times (in Months) Table 2: Random sample of
Random Sample of 128 Bladder
Cancer Patients

size 128 drawn from Weibull-
Distribution: WB (a=1.38023,
=6.67205, A=0.13683,

v=1.30411)

0.08
2.09
3.48
4.87
6.94
8.66
1311
23.63
0.20
2.23
3.52
498
6.97
9.02
13.29
0.40
2.26
357
5.06
7.09

9.22 262 1596
1380 3.82 36.66
2574 532 1.05

050 732 269

246 1006 4.23

364 1477 541

509 3215 762

726 264 1075

9.47 3.88 16.62
1424 532 43.01
2582 739 119

051 1034 275

254 1483 426

370 3426 541

517 090 7.63

728 269 17.12

9.74 418 46.12
1476 534 1.26
2631 759 283

0.81 10.66 4.33

5.49
7.66

5.85 12.07
826 21.73

1125 1198 207
17.14 1913 3.36

79.05
1.35
2.87
5.62
7.87

176 6.93
325 865
450 12.63
6.25 22.69
8.37

11.64 12.02

17.36
1.40
3.02
434
5.71

2.02
331
451
6.54
8.53

7.93 12.03
1179 20.28

18.10
1.46
440

2.02
3.36
6.76

Table 4: Survival times (in months)

of sample of 101 patients with
Advanced Acute Myelogenous leukemia

0.00
0.09
0.12
0.20
0.26
0.33
0.45
0.58
0.59
0.65
0.73
0.76
0.83
0.84
0.87
0.94
0.96
0.97
0.98
1.04

8.91

9.13

9.34

9.40

9.62
10.19
10.44
10.47
10.75
10.76
11.10
11.17
11.22
11.42
11.94
12.10
12.58
12.69
13.00
13.15

3.89
3.89
3.92
4.04
4.21
4.47
4.53
4.83
5.27
531
5.46
5.56
5.57
5.63
5.63
5.65
571
6.06
6.07
6.30

13.99
14.25
14.38
14.76
14.95
15.00
16.57
16.79
16.85
17.23
17.36
17.45
17.86
18.00
18.56
19.03
19.30
20.14
21.02
22.74

6.50
6.60
6.72
6.76
6.83
6.84
7.12
7.52
7.56
7.57
7.74
7.87
7.88
7.95
8.38
8.43
8.59
8.63
8.69
8.90

1.30
1.32
1.54
161
1.70
1.75
1.88
1.98
2.05
2.14
2.24
2.25
231
2.46
2.70
3.12
3.26
3.35
3.49
3.74

23.02
26.37
28.15
29.01
37.86
41.20
5151
58.36

0.03
0.493
0.855
1.184
1.283

1.48
1.776
2.138

25
2.763
2.993
3.224
3.421
4.178
4.4417
5.691
5.855"
6.941"
6.941
7.993"
8.882

8.882
9.145*
11.48
11.513
12.105*
12.796
12.993"
13.849"
16.612"
17.138"
20.066
20.329"
22.368"
26.776"
28.717*
28.717*
32.928"
33.783"
34.211*
34.77*
39.539*

41.118"
45.033"
46.053"
46.941"
48.289"
57.401"
58.322"
60.625"
0.658
0.822
1.414
25
3.322
3.816
4.737
4.836"
4.934
5.033
5.757
5.855
5.987

6.151
6.217
6.447"
8.651
8.717
9.441"
10.329
11.48
12.007

17.303*
17.664"
18.092
18.092*
18.75*
20.625*
23.158
27.73"
31.184"

12.007" 32.434"

12.237

35.921"

12.401" 42.237"
13.059" 44.638"

14.474"  46.48"
15* 47.467"

15.461 48.322"

15.757  56.086

16.48

16.711

17.204*

17.237




